Immerse Topology Homework
(Exercises 1-22)

Exercise 1. Prove DeMorgan’s Laws:
a. Show (UAQ> =4

Proof. Now, a € (U Aa> , if and only if a ¢ UAD“ if and only if a ¢ A, Va, if and

only if a € A¢, Vo, if and only if a € ﬂAg O

b. Show (ﬂ Aa> =J4:.

Proof. a € (m Aa> if and only if a ¢ ﬂ A,, if and only if a ¢ A, for some «, if and

only if a € A,, for some «, if and only if a € U AL |

«

Exercise 2. A. Let 7. be the collection of all subsets U of X such that X — U is countable
or all of X. Show that 7, is a topology on X.

Proof. X — (0 = X, and X — X = (), which is countable. Thus, ) € 7, and X € 7..

Suppose {U, }acs is a family of open sets in 7. If U, = ) for all « € J then |J U, = 0.

acJ
So | U, is in 7. If there is some nonempty set in {U, }acs, then X — |J Uy, = () (X —U,),
acJ acJ acJ

which is at most countably infinite because at least one of the sets in X — U, is countable.
So U U, isin 7.
acJ

Now suppose we have {Uy, ... U,}, a finite collection of open sets in 7.. If U; = ) for some

i < nthen (| U; =0 which is in 7.. If U; # 0 for all i < n, then X — N U; = J (X = U;).
i=1 i=1 i=1

This set is countable because it is the finite union of countable sets. Therefore (] Uj is in 7.
i=1

O]

B. Is the collection of all subsets U C X such that X — U is infinite, empty, or all of X
a topology? No.



Proof. Consider R with this topology. Both (—o0,2) and (2,00) are open sets, as their
complements are infinite. However, (—o0,2) U (2,00) = R — {2} is not an open set because
its complement is finite.

O]

Exercise 3. Suppose {7;};cs is a collection of topologies on X.

a. Show that ﬂ 7; is a topology.
iel

We know X and ) arein 7; Vi € I. So X,0 € ﬂ 7;. Now let {Uy}aea be a collection

iel
of sets in m 7;. Then Vo € A, we know U, isin 7; Vi € I. So UUa e, Viel
el a€A
since each 7; is a topology. Hence UUQ € ﬂ 7;. Finally, let U,V € m 7;. Then
a€cA icl i€l
UVernViel SoUNV €1 Vi€ I since each 7; is a topology. So U NV &€ ﬂ T;.
i€l
So finite intersections of elements of ﬂ 7; are in ﬂ 7;. Hence ﬂ 7; is a topology. [
iel iel iel

b. Find a counterexample to show that the union of a collection of topologies on X need
not a topology.

Let X = {a,b,c}, 1 ={X,0,{a},{b,c}} and 7 = {X, 0, {b},{a,c}}.

Then U Ty = {X7®7 {CL}, {b}7 {b7 C}7 {a7c}}

2 2
But {b,c} N{a,c} = {c} and {c} ¢ U 7;. S0 U 7; is not a topology.
i=1

=1

c. Suppose that 7; are a collection of topologies on a space X. Show there is a unique
smallest topology containing all 7;.

Proof. Consider the set B := {7 : 7; C 7 Vi}. This set is non-empty as the discrete
topology contains all the 7;. Let
S = ﬂ T.

TEB

This is a topology as you have already shown in previous work. This topology is
contained in all topologies containing all the 7;. Let 7 be a topology containing all the
7;, then 7 € B. Therefore,

SCr.



To show that this topology is unique, suppose that there is another topology 7 with
the property that if 7, C 7 for all 4, then 7 C 7. Now, 7; C S for all 4, and thus 7 C S.
But, 7; € 7, and so 7 € B. Therefore, S C 7.

So, we have that § is the unique smallest topology containing all the 7;, as desired. [J

Exercise 4. Let X={a,b,c}, 7={X,0,{a},{a,b}} and 7/={X,0,{a},{b,c}}.
A) Find the smallest topology containing 7 and 7’.

Solution: We know that both X, and () must be in our topology. Since the union of the
elements of 7 and 7/ must also be in our topology, we know that {a}, {a, b} and {b, ¢} must be
in our topology. Since the intersection of the elements of 7 and 7" must be in our topology, we
know that {b} must be in our topology as well. Therefore the smallest topology containing

7and 7" is {X,0,{a}, {0}, {a,b},{b,c}}.

B) Find the largest topology contained in 7 and 7’.

Solution: As in shown in problem 3c., the largest topology contained in 7 and 7" is 7 N 7.
Thus, the largest topology contained in 7 and 7" is {X, 0, {a}}

Exercise 5. Let X be a topological space. Show the following conditions hold:

a. The empty set and X are closed.
Proof. X = ()¢ is closed since () is open and () = X¢ is closed since X is open. |
b. Arbitrary intersections of closed sets are closed.

Proof. Let NyeaA,s be an arbitrary intersection of closed sets. Then (Naenda)® =
Uaea A4S is an arbitrary union of open sets and hence open. .. Naea 4, is closed. O

c. Finite unions of closed sets are closed.

Proof. Let U | A; be a finite union of closed sets. Then (U A;)¢ = N, AS is a finite
intersection of open sets and hence open. .-, U, A; is closed. OJ

Exercise 6. Show the following:
a. AUB=AUB
Proof. Now, AU B is the smallest closed set containing AU B. Also, AU B is a closed

set containing A U B. Therefore, we have that AU B C AUB.

Now, let x € AU B, then € A or € B. Suppose that € A; then for every open
set O containing x, we have that O N A # (. Tt follows that O N (AU B) # ). Hence,
we have that for every open set O containing x, then O N (AU B) # (). Therefore
r € AU B. Similarly, if x € B, thenx € AU B

Therefore, AUB = AU B. O




b. U, 4« D UAs

Proof. Suppose that z € J, A,. Then there is some o with z € A,. Thus every
open set O which contains x has O N A, # 0. It follows that O N |J, A # 0. Thus,

zell, Aq

(Give an example where equality fails.)

Let A, = (é,oo). Thus, A, = [i,oo). Now, 0 ¢ UA_O“ but 0 € UAQ O
Exercise 7. Let 7 and 7' be two topologies on a set X and let i : (X,7') — (X, 7) be the
identity map.

A) 7' is finer than 7 < ¢ is continuous.
B)7’ = 7 & i is a homeomorphism.

Proof. A) First assume 7' is finer than 7. Let S be a set open in (X, 7). Then S is open
in (X,7'). Since i : (X,7') — (X, 7) is the identity map, we have that i71(S) = S. Then
i~1(S) is open in (X, 7’). Therefore i is continuous.

Next, let ¢ be continuous. Let O be an open set in 7. Then since 4 is continuous, i=(O)
is open in (X, 7). Since i~}(O) = O, 7’ is finer than 7. O

Proof. B) Assume 7 = 7/. Then 7’ is finer than 7. By part A, 7 is continuous. Since 7 is also
finer than 7/, i~! is also continuous. It is clear that 7 is both one-to-one and onto. Then, ¢
is a homeomorphism.

Now, assume that ¢ is a homeomorphism. Then ¢ is continuous, so by part A, 7/ is finer
than 7. i~ ! is also continuous, so 7 is finer than 7/. Then, we must have 7 = 7. |

Exercise 8. Let 7, be the topology on the real line generated by the usual bases plus {n}.
Show that (R, ) and (R, T2) are homeomorphic, but that 7 does not equal 5.

PROOF. Consider the function f : R — R defined by f(z) = 2+ 1. To show f is injective
let z,y € R and assume that f(z) = f(y). Then f(z) = f(y) = x+1=y+1=2x=y. To
show that f is surjective let ¢ € R. Then choose a = c—1 € R. Therefore f(a) = f(c—1) = c.

To prove that f is a homeomorphism we have to show that both f and f~! are continuous.
Let U be a basic open set in 7. Then either there exist a,b € R such that U = (a,b), or
U = {2}.

Case 1. U = (a,b). Then f~(U) = f~*((a,b)) = (a—1,b—1). Notice that (a—1,b—1)
is an open set in 7.

Case 2. U = {2}. Then f~1(U) = f~'({2}) = {1}. Notice {1} is an open set in 7.
Thus f is continuous function from R to R.

Similarly, let O be a basic open set in 7y. Then either there exist ¢,d € R such that
O = (¢,d), or O ={1}



Case 1.0 = (¢,d). Then f(O) = f((¢,d)) = (¢ +1,d+ 1). Notice that (¢ +1,d+ 1) is
an open set in 7.

Case 2. O ={1}. Then f(O) = f({1}) = {2}. Notice {2} is an open set in 7.
Therefore f~! is continuous from R to R Hence f is a homeomorphism.

The open set {1} is open in 71, but not open in 75; therefore, 7 # 7.

Exercise 9. Build a function that is continuous at a single point.
Let f: R — R be defined by

K ifre@Q
f(x)—{—x ifx ¢ Q

Let V' be a neighborhood of f(0) = 0 in R. Write V' = U,(aqa,b,), as a union of
basis elements. Some (aa,, ba,) contains 0. Choose C' = min{|aa,|,bag}, which means
0 (=C,C) C (aay, bay). It follows that f((—C,C)) C (=C,C) C (g, bay) € Ualta, ba)-
Since (—C’, C’) is a neighborhood of 0, by definition, we have that f is continuous at the
point 0.

We now show that f is not continuous at any non-zero point. Suppose xg € R is a non-
zero point. WLOG, assume xg > 0. Then depending on whether z is rational or irrational,
its image is either positive or negative. So we can choose a neighborhood of its image, f (o),
that does not contain the point 0. Call this neighborhood W. What is important is that
if we let U be an arbitrary neighborhood of xj, we can say U has an open interval about
xo inside of it, say (a,b). So, we can choose a positive irrational number between xy and b
which lies in (a,b), say y. Note f(y) < 0. Also, we can pick some rational number inside
of (a,b) between xy and b (which is positive) and will have a positive image. Both of these
points will not lie in W. Hence f is not continuous at x.

Exercise 10. Show that if X C Y C Z then the subspace topology on X as a subspace on
Y is the same as the subspace topology on X as a subspace of Z

Let (Y,Ty) and (Z, Tz) be topological spaces and let X C Y C Z. We want to show that
(X,T%) = (X,T%) where T3 is the subspace topology of Ty on X and T is the subspace
topology of Tz on X. Let U € T},. So U = Uy N X where Uy € Ty. Since Uy is open in Y,
Uy = UzﬂY, where UZ € TZ SoU = UyﬂX = UzﬂYﬂX. ButYNnX = X, soU = UzﬂX
and hence is in 77. Thus Ty, C J7,. Now let V € 7. So V =V, N X where V; € T,. We
know V;NY =V, €T, N X =V,NnYNX. ButYNX =X,s0VayNX=V;NX=V.
Since Vy N X € T} we now know V' € Ty,. Thus 7, C T} so T, =Ty, O

Exercise 11. LetB = {(a,b) X (¢,d) : a < band ¢ < d and a,b, ¢, d are rationals}. Show
that B is a basis for R?.

(1) Let (z,y) € R% Because the rationals are dense, there exists an €y, €}, €2, and ¢, such
that z —e; € Qz+€, € Q,y—e € Q and y+ €, € Q. Let a, =z — €1, b, =z + €],



e =y — €, and d, =y + €, and B, = {(a,,b;) X (¢z,d;)}. Then, (z,y) € B, C B. Because
of the density of Q, there will always be such a B, for any (z,y) in R.

(2) Let (z,y) € By[) B2 where (z,y) € Rand By, By € Bsuch that By = {(a/,V)x(c,d')}
and By = {(a”,0") x (¢",d")}. Set a = max(d’,ad"”), b = min(b',0"), ¢ = max(d, "), and
d = min(d’,d"). We can show that a < b and ¢ < d. First, @’ < b and a” <V’ is always true,
soifa=ad and b=1"V or a =a” and b = b”, then a < b follows. Since B; () By # 0, then
a” < b and likewise a’ < b”. Therefore, if a = a” and b =V or a = @’ and b = V", it is still
true that @ < b. The same logic can be used to show that ¢ < d. Then Bs = {(a,b) x (¢,d)}
is an element of B. Due to the definition of Bs, (z,y) € Bs C By () B.

Since B meets the two requirements of the definition of basis, B is a basis for R2. [J

Exercise 12. Determine which of the following equations hold. If not, determine whether

any inclusion holds.
A)ANB=ANB

Solutions:

A) Claim: AN B C AN B only.

Proof: Let z € ANB=(ANB)U(ANB)
Ifrc(ANB)thenz€c ACAandr € BC B,sor € ANB

If z € (AN B)" then V U open sets such that x € U, UN (AN B)\ {z} #0

Now, (ANB)C A= (ANB)\{z} CA\{z} =Un(ANnB)\{z} CUNA\{z}
=UNA\{z}#0=>z2c A CA

And, (ANB)CB=(ANnB)\{z} CB\{z}=UnAnNB)\{z} CUNB\{z}
=UNB\{z}#0=>2€B CBsoxec ANB

In either case then, z € AN B

L ANBCANBO

Example where AN B 2 ANB
Let A= (0,1) and B = (1,2) then ANB=0=ANB=10
But A =1[0,1] and B = [1,2] so AN B = {1}
Since 0 2 {1}, ANB2 AnB

B) Claim: (| Ay # () Aa.

(Note: o € N)

Suppose that € (| A,. Then either x € (| A, or z is a limit point of (| A,. If z € ) Aa,
then » € A, for every a and, therefore x € A, for every oalpha. Thus x € (JA4,. On
the ether hand, if = is a limit point of (] A,, then there is a sequence {x,} in (| A, which
converges to x. But then {z,} C A, for each a. Thus z is a limit point of A, for each a. It




follows that = € (] A,.

Example where A, 2 ) 4a
Let Ay = (a,a+1)
Then (A, =0so (Aa =10
ButA_a:[aoz—i-l]soﬂ o = {1,
Since § 2 {1,2,3, ... 2 N Aa

C) Claim: A— B 2 A— B only.

Proof: Let t € A— B Sox € Abut x ¢ B

So(reAorxe A')and (x ¢ Band xz ¢ B')

If z € A then since x € B, x € A — B which implies z € A — B.

If, on the other hand, x € A’, then every neighborhood of z intersected with A \ {z} is
nonempty.

And 3V neighborhood of x such that VN B = ()

Let U be any neighborhood of x.

Assume U N (A — B) = {); then, since UNA# 0, UN (AN B) # 0.
But U NV is a neighborhood of x such that (VNU)NA =0 —«
SoUN(A-B)#0=2€(A-B)CA-B
A-B2A-BO

Example where A — BZ A— B

Let A= (0,2) and B = (1, 3).

Now A = mmmdB UQ%Z—EZMU
Since [0,1] € [0 B¢ A-B

D) Claim: (AU B) = A'U B’
Proof: First let z € (AU B)". Then there is a sequence {z, } in AU B which converges to x.
At least one of the sets A or B (WLOG assume that it is A) must contain infinitely many
terms of the sequence {x,}. Let {z,,} be a subsequence of {z,} with all its terms in A.
Since {z,,} converges to z, x € A’. Thus, (AUB) C A'UB'.

Now let v € AU B’ then x € A’ or x € B'.
If z € A’ then V U open sets such that z € U, UN A\ {z} # 0
Now ACAUB = A\{z} CAUB\{z} = UNA\{z} CUN(AUB)\ {z}
=UN(AUB)\{z} #0Soz e (AUB)
If 2 € B’ then V U open sets such that x € U, UN B\ {z} # 0
Now BCAUB= B\{z} CAUB\{z}=UnB\{z} CUN(AUB)\ {z}
=UNAUB)\{z}#0Soxz e (AUB)
In either case v € (AU B) so (AUB) 2 A UB'.
“(AuB)=AUB O

E) Claim: (AN B)' C AN B’ only.
Proof: Let 2z € (AN B)’ then V U open sets such that z € U, UN (AN B)\ {z} #0

7



Now, (ANB)C A= (ANB)\{z} CA\{z} =Un(ANnB)\{z} CUNA\{z}
=UNA\{z} #0 =z A

And, (ANB)CB= (ANnB)\{z} CB\{z} =UnAnB)\{z} CUNB\ {x}
=UNB\{z}#0=z€e B

Soxe AnB

(ANBY CANB O

Example where (ANB) 2 AN B
Let A= (0,1) and B = (1,2) then ANB=0= (ANB) =10
But A’ =10,1] and B’ =[1,2] so AN B = {1}
Since § 2 {1}, (ANB) 2 A'n B’

Exercise 13. If 7; is finer than 75, what does the connectedness of X in one topology imply
about the connectedness of X in the other?

If X is connected in 77, this implies that X is connected in 75. For if X is not connected
in 75, there exist nonempty open sets U and V' in 73 such that X C (UUV)and UNV = .
But then U,V € 77 so X is not connected in 7; either.

But inclusion does not hold the other way. For example, in the trivial topology on R,
every set is connected, but not every set is connected in the finer usual metric.

Exercise 14. Let A, be a sequence of connected sets such that A, intersects A, nontriv-

N
ially for each n. Show that (J A, is connected.

n=1

Proof. We proceed by induction on N. Base Case: N =2

A1 N Ay # 0, s0 Ay U Ay is a union of connected sets with at least one point in common.

2
By ”connectedness theorem (d)”, it follows that |J A, is connected.
n=1

N-1 N

Inductive Step: Assume that |J A, is connected. We now want to show that |J A, is
n=1 n=1
connected.
N-1 N-1
Ay_1C U A, and Axy_1 N Ay # 0 by our assumption, therefore ( |J A,) N Ay # 0.
n=1 n=1

N
A,, and we conclude
—1

n=

N-1 N-1
This implies that |J A, U Ay is connected. |J A, U Ay =
1 1

n= n—=

N
that |J A, is connected for every N.

n=1

o
Next, we would like to show that |J A, is connected. We argue by contradiction. Assume
n=1

o0
that |J A, is not connected. Then there exist two nonempty sets, call them B; and B,
n=1



such that B; N By = 0 and B; U By = U A, (By and By form a separation on |J A,). Let

n=1
us consider the location of A;. Since A is connected for each i = {1,...n}, is must be the
case that A; is completely in one of By or By. Without loss of generality, let A; C B;. Given
that By U By is a non-trivial separation of (J A, there exists A; C B, for some collection
n=1
of j € {1,2,3,...} (it is possible that only a single A; be in B;). Choose the smallest of
j'—1

these j where A; C By. Call this A;. Therefore we have By D U A, and By, DO A;. Then

Aj_1 C By, and since BN By = 0, Ay 1NAy = = (). Thisis a Contradlctlon since we assumed

that A, intersects A, nontrivially for each n. We conclude that U A, is connected.
n=1

O]

Exercise 15. If X is an infinite set then it is connected in the finite complement topology.

Proof. (by contrapositive) Let X be a disconnected set in the finite complement topology,
7={U C X | X —U is either finite or X}. Since X is disconnected, there exist U; € 7 and
Uy € 7such that Uy # 0, Uy 20, Uy UU, = X, and Uy NUy = 0. Since U; UU, = X and
UNUy, =0, X —U; =U,. We know that U; # 0, so Uy = X —U; # X. Since Uy € T
and X — U; # X, X — Uy is finite. Therefore, Us is finite. Similarly, U; is also finite. Since
U; UU; = X and the union of finite sets is finite, X must be finite. O

Exercise 16. If T; is finer than T, what does the compactness of X in one topology imply
about the compactness of X in the other?

Let T be finer than T5. So T, C T;.

Claim 1: If (X, T7) compact, then (X, T3) compact.

Let (X, 77) be compact and let {U,} be an open cover of (X, Ts). Then {U,} is an open
cover of (X,T7). So 3 Uy, ...,U,, a finite open subcover of (X,T;). Since Uy, ..., U, € {U,},
we know Uy, ...,U, € To. So Uy, ...,U, are a finite open subcover of (X,T3). Thus (X,T;)
compact implies (X, Ty) compact. [

Claim 2: (X, T5) compact does not necessarily mean (X,T;) compact.

Consider X = [0, 1], Ty = the usual topology on R, and T; = P(X). T2 C T} and (X, T>)
is compact. But {z} € T} for all z € X, so S = {{z}|0 <z < 1} is an open cover of (X, T;)
with no finite subcover. Thus (X, J7) is not compact.

Exercise 17. Show the following:
(A) Bd(A) is empty iff A is both open and closed.

(=) Let Bd(A) be empty; then Bd(A) = AN A¢ = (). Then we can replace the closure of A
and A° with the unions of each set and its limit points giving us the following statement.

(i) Bd(A) = (AU A') N (A°U (A°)) = 0



From (i) we can conclude that AN (A¢)" = (), which means that the set (A°)’ is contained in
A°. Therefore A€ is closed and A is open. Also from (i) we can conclude that AN A" = (),
which means that A’ is contained in A. It follows that A is closed and A€ is open. Thus A
is both open and closed.

(«=) Let A be open and closed; Then A = A and A° = (A¢). This means that the boundary
of A is empty, since Bd(A) = AN A¢ = AN A° = (). Hence, A being both open and closed
implies that the Bd(A) = ().

(B) A is open iff Bd(A)= A — A.

(=)Let A be open. Then A¢ is closed, so (A°)" is contained in A¢ and A° = Ac. Then
Bd(A)=AnNAc=ANA°=A- A

(<) Suppose A is not open. Then there exists an x € A such that x is not an interior point
of A. Thus for every open set U containing z, U ¢ A. Thus z is a limit point of A It
follows that x € AN A¢ = Bd(A). However, x ¢ A — A, so Bd(A) # A — A.

Exercise 18. For any subset of the real line (with the usual topology) there are at most 14
sets (including A) that can be formed by using complementation and closure. Prove this by
completing the following steps:

A. Show that if A is open then A = A=¢¢~,

Proof.
eClaim: For any open set A, A C A~“°.

Since A is open, A° is closed. Since A C A, A° D A~¢.
A7¢" is the smallest closed set containing A™¢ and A° is a closed set containing
A€ so A7 C A-
Therefore A = (A°)° C (A7 )°= A~
= Since we are given that A is open, by the above claim A C A7“7¢. Then A7 ¢~ D
A7¢¢ D A, so A7°7° is an closed set containing A, which implies A C A7¢7¢".
< Proof by contrapositive. If x ¢ A, then x € A~¢. By the above claim, since A~ is

the complement of a closed set and therefore open, A=¢ C (A7¢)"“ ¢ Sox € A= ¢
which implies x ¢ A=, O

B. Let

K = {A,/_1,A_c,A_C_,A_C_C,A_C_C_,A_c_c_c,
AC,AC_7AC_C7AC_C_7AC_C_C,AC_C_C_7AC_C_C_C}.

Show that K is closed under complementation and closure.

Proof. We need to show that the complement and the closure of each element of K
is some other element of K. We demonstrate this in the chart below, using the fact

10



that A = A, A=~ = A since A is already closed, and by part (a) if A is open then

A=A,
Element Closure Complement
A A~ A°
A~ A" =A" A~e
A—C A—C— A—CC — A—
A—C— A—C—— — A—C— A—C—C
A*C*C A*C*C* A*C*CC — A*C*
A*C*C* A*C*C** — A*C*C* A*C*C*C
A*C*C*C A*C*C*C* — A*C* A*C*C*CC — A*C*C*
AC AC— ACC — A
AC— AC—— — AC— AC—C
AC—C AC—C— AC—CC — AC—
AC—C— AC—C—— — AC—C— AC—C—C
AC*C*C AC*C*C* AC*C*CC — AC*C*
AC*C*C* AC*C*C** — AC*C*C* AC*C*C*C
AC*C*C*C AC*C*C*C* — AC*C* AC*C*C*CC — AC*C*C*

Since K is closed under complementation and closure, we can get at most 14 sets
from any set in R using these two operations.

C. Show that there is a set A C R such that K has exactly 14 distinct elements.

O]

Proof. Let A= ([0,1]NQ)U[2,3) U (3,4) U{5}. Below I demonstrate the 14 distinct
sets formed from A by complementation and closure.

A=([0,1NQ)U[2,3) U (3,4) U {5}

A=1[0,1]U[2,4uU{5}

A7 = (—00,0) U (1,2) U (4,5) U (5,00)
A== = (—00,0] U [1,2] U [4, o0)

A== = (0,1) U (2,4)

A== = [0,1] U [2,4]

AT = (—00,0) U (1,2) U (4,00)

A° = (—00,0) U ([0, 1] N (R\Q)) U (1,2) U {3} U (4,5) U (5, c0)
A = (—00,2]U{3} U[4,00)

A= = (2,3) U (3,4)

Ace = [2,4]

Ace¢ = (—00,2) U (4, 00)

A = (—00,2] U [4, 00)

Ac—c—c—c — (2’ 4)

OJ

Exercise 19. For any subset of the real line (with the usual topology) there are at most 7
sets (including A) that can be formed by using the interior and closure operations. Prove

this by completing the following steps:

11



A. Show that A°~ = A°° and A 2= A"°°.

Proof. We prove both statements by double containment. To complete both proofs we
repeatedly use the facts that the interior of a set A is the largest open set contained
in A and the closure is the smallest closed set containing A. So if we know A C B,
this implies that A° C B° and A C B. Also, since A° is open A% = A° and since A is
closed A=~ = A.
First we show A°~ = A°7°.
C By definition of closure A° C A°~. Taking the interior of both sets gives A% =
A° C A°°. Then taking closures of both sets gives A°~ C A°7°~,
D By definition of interior A°~° C A°~. Taking closures of both sides gives A°~°~ C
AT = A°™.
Second we prove A7° = A7°7°.

C By definition of closure A7 C A7°". Taking the interior of both sets gives
A =A"°C A7,

O By definition of interior A7 C A~. Taking closures of both sides gives A7°~ C
A=~ = A. Taking the interior of both sides we get A=°° C A~°.

[J

B. Let K = {A, A, A=° A=°7 A° A°~ A°°}. Show that K is closed under the interior
and closure operations.

Proof. We need to show that the interior and the closure of each element of K is
some other element of K. We demonstrate this in the chart below, using the fact that
A% = A° since A° is already open, A=~ = A since A is already closed, and the two
results from part (a).

Element Closure Interior
A A~ A°
A~ A=A A°
A—O A—O— A—OO — A—O
A—O— A—O—— — A—O— A—O—O — A—O
AO AO* AOO — AO
AO* AO** — AO* AO*O
AO*O AO*O* — AO* AO*OO — AO*O

Since K is closed under the interior and closure operation, we can get at most 7
sets from any set in R using these two operations. |

C. Show that there is a set A C R such that K has exactly 7 distinct elements.

Proof. Let A= ([0,1]NQ) U [2,3) U (3,4) U {5}. Below I demonstrate the 7 distinct
sets formed from A by the interior and closure operations.
A=([0,1]NnQ)U[2,3)U(3,4)U{5}

A=1[0,1U[2,4 U {5}
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A=~ =[0,1] U [2,4]
AO - (27 3) U (37 4)
Ao =[2,4]

Ao—0 = (2,4)

Exercise 20. Show that the product of two Hausdorff spaces is Hausdorft.

Proof. Let X and Y be Hausdorff spaces, and consider two distinct points in X x Y, which
we’ll call p and g. We know we can write p = p, Xp, and ¢ = ¢, X g, for p;, ¢, € X, py,q, €Y.
It cannot be the case that p, = ¢, and p, = ¢, because then p = ¢. Thus, suppose without
loss of generality that p, # ¢,. Since X is Hausdorff, we know we can find open sets
P,,Q, C X such that p, € P,, ¢, € Q,, and P, N Q, = (). Additionally, we can find open
sets Py, @, C Y such that p, € P,,q, € (),. Notice that P, N @), may be non-empty. We
can then let P =P, X P, Q =Q, x Q,,s0p € P, ¢ € Q, and PN Q = . Since we have
separated two arbitrary points in X x Y with disjoint open sets, X x Y is Hausdorff, so the
product of two Hausdorff spaces is Hausdorff. |

Exercise 21. Extreme Value Theorem Let X be compact and Y be ordered with the
order topology. Let f: X — Y be continuous. Show there exists a,b, € X such that f(a) <
f(z) < f(b) forall x € X.

Let Z = f(X). As Y is ordered, Z has a least upper bound in Y; call it M . Choose ¢ € Z
with ¢ < z for every z € Z (if no such c exists, let ¢ be the least element of Y'). Consider
the collection {O, : y € Z}, where O, = (c,y) (or [c,y), if ¢ is the least element of V).
Notice that for any 2z € Z with 2 < M there exists some y, € Z with z < y,, ; otherwise
z would be an upper bound for Z. So z € (c,y,). If M & Z, the collection {O, : y € Z}
is an open cover for Z. Note that the union of any finite subcollection (¢, 1), ... (¢, y,) is
(€, Ymaz), Where Y = max{yy,...,yn}. But yme < M, and so, as argued above, there
is some w € Z, W > Ymaz- Thus (¢, Ymae) # Z. That is, there is no finite subcollection of
{O, : y € Z} which covers Z. Therefore Z is not compact. However, Z is the continuous

image of a compact set, and is therefore compact. It follows that M € Z, and so there is
some b € X such that f(b) = M.

A similar argument shows that there is an a € X such that f(a) is the least upper bound of
ZinY.

Exercise 22. Show that X is compact if and only if every collection of closed sets with
the finite intersection property has non-empty intersection. A collection of sets has the
finite intersection property if and only if every finite sub-collection of sets has non-empty
intersection.

Proof: We’ll prove the contrapositive. X is not compact <= there exists a collection of

open sets {Us }aea such that (J ., Us = X but Uy, U---UU,, # X for any ay,..., 0, € A
<= there exists a collection of open sets {U, }aea such that (U, Ua)¢ = 0 but (Uy, U---U
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Ua, )¢ # 0 for any aq,...,a, € A <= there exists a collection of closed sets {US},en such
that (e US) = 0 but (U, N---NUS,) # 0 for any oy,...,a, € A <= there exists a
collection of closed sets with the finite intersection property which has empty intersection.
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